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Abstract

Metasurfaces are typically modeled using boundary condi-
tions restricted to dipolar responses. While generally ef-
fective, this modeling approach suffers in the case of large
incidence angles. To provide a better modeling accuracy,
we derive a model that includes dipolar and quadrupolar re-
sponses as well as higher-order spatially dispersive effects.
The effectiveness of this extended model is demonstrated
by predicting the angular scattering of a dielectric meta-
surface up to grazing angles. This work is expected to be
useful for designing spatial analog optical signal processing
metasurfaces for incident beams with large angular spectra.

1. Introduction

In recent years, there has been a growing interest in
the implementation of spatial optical analog processing
metasurfaces [1–7]. To help designing such structures,
one may employ conventional metasurface synthesis tech-
niques, such as [8,9], which only include dipolar responses.
As shown in [10], such dipolar models work well within the
paraxial limit but start exhibiting significant errors for small
wavelength-to-period ratios and/or large incidence angles.
To overcome this limitation, we have extended the model
to include multipolar responses and spatially dispersive in-
teractions [11, 12].

2. Metasurface Modeling

A common approach to model a metasurface is to replace
it by a fictitious zero-thickness sheet, supporting electric
and magnetic dipolar polarizations, for which convenient
boundary conditions may be formulated [8, 9, 13]. To im-
prove the angular scattering modeling accuracy of such a
dipolar model, we have extended it to include quadrupolar
responses. The new boundary conditions, for a metasurface
lying in the xy plane, are given by [10]
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where ∆E and ∆H are the differences of the fields on both
sides of the metasurface, P and M are electric and mag-
netic dipolar responses, and Q and S are electric and mag-
netic quadrupolar responses. These multipolar quantities
represent the response of the metasurface to an arbitrary ex-
citation and include spatially dispersive interactions. They
are related to the average fields and fields derivatives at the
metasurface via 
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where the hypersusceptibility tensor χ is given by
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(3)
These equations show that a quadrupolar metasurface pro-
vides a large number of additional degrees of freedom com-
pared to a dipolar one. However, note that several important
properties related to the symmetries of quadrupolar tensors,
reciprocity and passivity/losslessness reduce the number of
independent parameters in (3), as explained in [14].

In order to demonstrate the performance of our model,
we compare its angular scattering predictive accuracy to
that of the conventional dipolar model. Consider the simu-
lation setup presented in Fig. 1a, where a metasurface made
of dielectric cylinders is illuminated at oblique incidence by
a TM-polarized wave. Its transmission coefficient is plotted
versus wavelength and incidence angle in Fig. 1b. The per-
formance of the dipolar model is first investigated by set-
ting Q = S = 0 in (1), substituting the fields by those
obtained from full-wave simulation at θ = 0◦ and solv-
ing for the remaining non-zero susceptibilities. The latter



Figure 1: Multipolar modeling of an array of dielectric
cylinders with P = 225 nm, D = 200 nm, H = 200 nm
and n = 2.55. (a) Simulation setup. (b) Full-wave simu-
lated transmission amplitude. Predicted transmission am-
plitude using a (c) purely dipolar and a (d) quadrupolar
metasurface model. See [10] for more information.

are then used to predict the transmission coefficient in the
range θ =]0◦, 85◦] and the resulting prediction is plotted
in Fig. 1c. As expected, the model performs well for large
wavelengths and small incidence angles but significant er-
rors appear at lower wavelengths and higher angles. Now,
the same approach is used for the quadrupolar model. Since
more hypersusceptibility components must be solved, the
full-wave simulated fields at θ = 0◦, 45◦ and 85◦ are used
to predict the transmission for all other angles. The result
is plotted in Fig. 1d and, besides some undesired sharp fea-

tures, show a much better agreement with the expected re-
sponse, which is about 3.5 better than the dipolar model in
Fig. 1c.
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