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*corresponding author, E-mail: agnes.maurel@espci.fr

Abstract
We revisit the classical zero-thickness Generalized Sheet
Transition Conditions (GSTCs) which are a key tool for
efficiently designing metafilms able to control the flow of
light in a desired way. It is shown that it is more convenient
to use an enlarged formulation of the GSTC in which the
original metafilm is replaced by GSTCs that exclude the
layer from the physical or computational domain. These
new “layer” transition conditions have the same form as
their “sheet” analogues hence they do not necessitate addi-
tional complications in their use; their advantage is that they
provide a well-posed problem hence guaranty the stability
of numerical schemes. These assessments are demonstrated
for an all-dielectric structure; the effective susceptibility
tensors are derived thanks to asymptotic analysis combined
with homogenization technique and bounds for the suscep-
tibilities entering the balance of energy are provided. Vali-
dation of the effective model is provided by means of com-
parison with direct numerics in two and three dimensions.

1. Introduction
Metasurfaces are smartly engineered two-dimensional
structures that offer an attractive alternative to their bulk
three-dimensional analogue. Because of their subwave-
length thickness, they are less lossy, more compact and of
relatively ease of fabrication. To describe metasurfaces, ef-
fective models have to encapsulate the microscopic distri-
butions of currents and fields resulting in transition condi-
tions relating the field differences at the two opposite sides
of the film to their mean values. Through this homogeniza-
tion process, the effects of the microscopic distributions
are encoded in macroscopic parameters which can be in-
terpreted in terms of effective surface currents and surface
polarisations. In their most general form, these conditions
are called General Sheet Transmission Conditions (GSTCs)
[?].

2. The actual and the effective problems
2.1. The actual problem

We consider the Maxwell’s equations in three-dimensions
for dielectric materials with permittivities denoted ε0ε

±
r in

the two substrates, ε0ε
sc
r in the scattering particles and a

uniform permeability µ = µ0. The particles are evenly
distributed at the interface x = 0 between the two sub-
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Figure 1: Actual problem of a metafilm composed by di-
electric scattering particles evenly distributed at the inter-
face between two dielectric substrates (with spacings dy
along y and dz along z).

strates, with spacing dy along y and dz along z. We define
S = dydz the area of the periodic cell and d =

√
S. In the

time domain, the electric E, displacement D and magnetiz-
ing H fields satisfy the Maxwell’s equations in the actual
problem (figure 1), namely

rotH =
∂D

∂t
, D = ε0εr(x)E,

rotE = −µ0

∂H

∂t
, divH = 0

(1)

where H and E×n are continuous at the interfaces. Math-
ematically, JH× x̂K = 0 and JE× x̂K = 0.

2.2. The effective problem, surfacic homogenization

Using an asymptotic analysis combined with homogeniza-
tion tools, it is possible to obtain an effective model in
which the metasurface is replaced by the following tran-
sition conditions:

JH× x̂K = −ε0

∂P‖
∂t
−∇‖Mx × x̂,

JE× x̂K = µ0
∂M‖

∂t
−∇‖Px × x̂,

(2)

where for any field A = D,E,H we have defined the jump
JAK = A|e+ − A|-e- and mean Aav = 1

2 (A|e+ + A|-e-)
operators across the metasurface’s layer (figure 2). The
vector x̂ is the unit vector along Ox, P = Pxx̂ + P‖,
M = Mxx̂+M‖(with P‖· x̂ = M‖· x̂ = 0), and the opera-
tor ∇‖Mx × x̂ = ∂zMxŷ − ∂yMxẑ The vectors P and M
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Figure 2: Effective problem in which the GSTCs (2) apply
across Γ- = {x ∈ Ω|x = -e-} and Γ+ = {x ∈ Ω|x = e+)
with e = e- + e+.

refer to the electric and magnetic polarization densities, re-
spectively. Expectedly, we obtain zero cross-susceptibility
tensors hence we have

P = χee Ẽav, M = χmm Hav, (3)

where the subscript “av” refers to the average values of the
fields at both sides of the interface, and where χee, and χmm

are the electric-to-electric and magnetic-to-magnetic sur-
face susceptibility tensors whose forms are

χee =


χxx

ee χxy
ee χxz

ee

χxy
ee χyy

ee χyz
ee

χxz
ee χyz

ee χzz
ee

 , χmm = e


−1 0 0

0 1 0

0 0 1

 ,

(4)

and where the 6 effective susceptibilities are defined in
terms of the solutions of so-called elementary problems
(see details in [1]). The average electric field has to be un-
derstood as

Ẽav =
1

ε0

Dx,avx̂ + E‖,av, (5)

since it involves the fields being continuous at the dom-
inant order corresponding to vanishing effect of the thin
metafilm.

3. Validation of the effective model
We provide below illustrations of the efficiency of the effec-
tive model by means of comparisons between the results of
the effective and actual problems (in the harmonic regime
in two- and three-dimensions). For the actual and the effec-
tive problems, the Finite Element Method (FEM) has been
used in Comsol Multiphysics (see details in [1]).

In figure 3, we report the comparaison of the actual
field Ey for an ensemble of clover-like silicon particles (the
source is indicated with a black circle) shown for y < 0
and the effective field for which the interface containing
the particle has disappeared. The figure 4 show the same
comparison in 3D for cuboid-shaped silicon particles with
the air as unique substrate.

y
<latexit sha1_base64="9zoJ+yZixem4Je+puZznH31iCYk="></latexit>

x
<latexit sha1_base64="ujWcmwCXK80mrPsr4yEaleaV6WQ="></latexit>

-8
<latexit sha1_base64="gpAEB76/nt2LNq5HYISXpIDd+ZE="></latexit>

8
<latexit sha1_base64="Mf+dTuGtLb7T6F8Z0nSmdAQhp+w="></latexit>

0
<latexit sha1_base64="7d9JhaC5ZChq0r1Z9OOUWUniMwY="></latexit>

0
<latexit sha1_base64="5mYUOUymVgUg3BFR6u8Av/Go1nA="></latexit>

GSTC
<latexit sha1_base64="dQXR2ACKT0qFB3opkZz7BLhgZ8A="></latexit>

actual microstructure
<latexit sha1_base64="Xyu60Ye9K8p1aTnNBLLBxuhNFwc="></latexit>

Figure 3: Real part of Ey for a layer comprising an array
of clover-like silicon scattering particles. The field calcu-
lated in the actual problem is shown for y < 0 and the field
calculated with the GSTCs is shown for y > 0.
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Figure 4: Real part of Ey in the effective problem (top) and
in the actual problem (bottom) for the cuboid particles.
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