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Effective model of propagation across a metasurface with resonant Mie inclusions
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Abstract

We study the scattering of waves by a single row of reso-
nant inclusions, of the Mie type. An effective model based
on matched asymptotic analyzed is used to account for the
small thickness of the array. Hence, instead of the effective
bulk parameters (permittivity and permeabilty), we end up
with interface parameters entering in jump conditions for
the electromagnetic fields; among these parameters, one is
frequency dependent and encapsulates the resonant behav-
ior of the inclusions. Our effective model is validated by
comparison with results of full wave calculations.

1. Introduction

Starting in the 1990’s with the pioneering work of [1] in
the context of elasticity, resonant structures with subwave-
length unit cells have been proposed in the context of elec-
tromagnetism [2], and in a unified mathematical context
[3]. In this case, the resonances are attributable to an inclu-
sion placed in the unit cell and presenting a high contrast
in its material properties with respect to the surrounding
matrix. These resonances often referred to as Mie reso-
nances occur at frequencies producing a wavelength in the
inclusion comparable to the inclusion size (and this size
is much smaller than the incident wavelength). The abil-
ity of these so-called locally resonant structures to forbid
the wave propagation has been exhibited and the forbidden
band gaps have been interpreted in terms of an effective
negative parameter being the mass density in elasticity and
the permeability in electromagnetism. Since then, locally
resonant materials have been intensively studied for appli-
cations including the design of efficient wave shields, see
e.g. [3] or absorbers of small thicknesses, see e.g. [4].
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Figure 1: Scattering by an array of locally resonant inclusions
with permittivity &; and permeability y; (in the air).

Motivated by the design of compact metamaterial de-

vices and following the intuitive argument that each local
resonator vibrates almost like an independent unit, struc-
tures involving a single row of resonators or few rows have
been thought, see e.g. [5]. In this case, interrogating the
bulk response of the device becomes questionable. Indeed,
when the number of cells is too small, the metamaterial
device is dominated by boundary layer effects and the re-
sponse of its bulk, in terms of effective parameters, is not
pertinent anymore; the failure of the effective medium the-
ories for thick structures has been illustrated in [6]. Here,
we extend these works to the case of an array composed of
a single row of locally resonant inclusions (Fig. 1).

2. The actual and the effective problems

We consider transverse electric polarized waves propagat-
ing in the air and interacting with a row of inclusions with
relative permittivity €; and permeability y; (and we set for
the air e = p = 1). In the case where €;1; > 1, the wave-
length inside the inclusions is much smaller than in the air,
and resonances of the Mie type are possible. In this case,
asymptotic analysis can be conducted which result in an ef-
fective interface model, see [7], where the array of resonant
inclusions are replaced by jump conditions of the form
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where we defined, for any field f, [f], = f* — f~ and
f=(ft+ f)/2, with f* = f(x,4e/2). The effec-
tive parameters (B3,C,S) depend only on the geometry of
the inclusions while D(k) has an additional dependence
on the frequency and it is the parameter which encapsu-
lates the possible resonances of the Mie type. For instance,
for rectangular shape of inclusion, as we shall consider in
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wavenumbers at the resonances and «,, = P



3. Fano resonances

In our homogenized problem, the region |y| < e/2 is dis-
regarded and the wavefield satisfies (1) for |y| > e/2; a so-
lution of this problem for an incident plane wave at oblique
incidence 6 reads

6ik(ere/Z) cos 6 + Refik(y+e/2) cos 0] eikx sin 6
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fory < —1/2andy > e/2 respectively. Next, applying the
jump conditions (1) yields the scattering coefficient
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where z* denotes the complex conjugate of z.

We report in Fig. 2 the variations of the reflection co-
efficients against the dimensionless frequency kh, R™" be-
ing computed numerically and R from (4) (the incidence is
6 = 40°). In the range kh € [0, 1], the first monopolar reso-
nance forn = (1, 1) in (2) is visible (it occurs for k;h = 8.9
whence kh ~ 0.9, resulting in a wavelength within the in-
clusions being about half the inclusion length). The agree-
ment between R™" and its homogenized counterpart R is
good, about 2% and this accuracy is the same for any in-
cidence 6 up the grazing incidence (results not reported).
The resonance of the inclusions produces sharp variations
of the reflection with a typical Fano resonance curve char-
acterized by a perfect transmission followed by a perfect
reflection. Results including the attenuation due to losses
in the dielectric will be presented, with the same accuracy
of the effective model to reproduce the scattering properties
in the actual problem.

4. Concluding remarks

There are at least two natural extensions of the present study
that we shall discuss. We have considered waves in a binary
structures but the present work can be extended to ternary
structure, as proposed in [8]. This extension may be of par-
ticular interest when locally resonant materials are consid-
ered in the acoustic case; as previously said, this is obtained
in practice considering binary or ternary structures mixing
fluids and elastic materials, thus for which the conversions
between shear and longitudinal waves have to be accounted
for. We believe that this is the key point to properly describe
the negative index material reported in this context [9].
The second extension is technically much demanding.
Our result has a serious limitation, already mentioned in
[2]. The analysis holds for resonances with non zero mean
value (namely, n1 and nsy odd in (2)). Although these reso-
nances have a higher quality factor and thus are much more
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Figure 2: Fano resonance of a row of resonant Mie scatterers in
the air (¢ = 100, ¢ = 0.5, ¢/h = 0.5). Reflection coefficient | R|
against kh computed numerically (plain line) and from (4) (dotted
line). The wavefields A at kh = 0.7 realizing perfect reflection
and B at kh = 0.9 realizing perfect transmission (numerics and
from (3) in both cases).

sensitive to losses, the accuracy of the homogenized solu-
tion would be enhanced if one is able to account for them.
This requires to develop the model up to higher order and
this is not incremental.
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